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Abstract:

The purpose of this work is to define and study a new type of functions which have only essential singular
points on a region in complex plane, so that several properties of this type of functions are given. Also we
study the set of this type of functions algebraically to get some theorems and results.
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Introduction:

The isolated singular points of a
complex valued function was classified
in [1] into three kinds: removable
singular points , poles and essential
singular points.

A function that has only poles on a
region in the complex plane C is called
meromorphic function which was studied
in [2-5].

An Elliptic function was studied in [6]
which is a meromorphic doubly periodic
function.

Here we study the functions that
have only essential singular points on a
region in the complex plane. Before
studying this type of functions we have to
mention some elementary definitions and
notations as follows:

Definitions:

1. An isolated singular point z, of a
function f is said to be an essential
singular point if the principal part of
Laurent series of f about z contains an
infinite number of terms.

2. A neighborhood N(z,,r) is the set of
all complex numbers z such that
lz-z,|<r.

is said to be an interior

D if there exists a
N(z,,r) such that

3. A point z,
point of a set
neighborhood

N(z,,r)cD.

4. A point z, is said to be boundary point
of a set D if every neighborhoods N(z,,r)
of z, contains a point of Dand a point of
D°.

5. The coefficient of (z -z, )™ in Laurent
series of f(z) about z, is called residue
of f at is written as
Res(f,z,).

Z which

0 l

Notations:

1. We denote the set of analytic functions
, Meromorphic functions and harmonic
functions on a region D by A(D) ,
M (D) and H(D)

respectively.

2. We denote the set of zeros, poles and
essential singular points of f on a region
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D by N(f) |,
respectively.

3. We denote the set of interior points,
boundary points and limit points by

Int(D) , oD and d(D) respectively.

In this work we study the set of
functions that have only essential singular
points on a region D C.

Now we introduce

definition:
Definition: A non analytic complex
function f on a region D is said to be
fundamental complex function on D iff
the only singularities of f in

D are essential singular points.

Notation: We denote the set of all
fundamental

complex functions on a
region D by FCF (D).

Theorem (1): Let f be a complex
valued function . If E(f)=¢ on C” ,
then f has no removable singular points in
the extended complex plane C~.

Proof: Since E(f)=¢, then f has no
essential singular points in C”, it follows
that f e M(C*) (By Theorem 3.1 in [2])
, therefore f has no removable singular
points in C*.

Theorem (2): Letf be an analytic

function on a region D except for some
singular pointsin D.

If f e FCF(D), then there is no curve Y
in D suchthat f=0o0n 7.
Proof: Assume that there exist a curve Y
in D suchthatf =0 on 7V, it follows
from [7] that f =0 on D-E(f) , it
follows that all singular points in D are

removable.
Which is contradiction that f € FCHD).

Thus there is no curve Y in D such that
f=0onY.

P(f) and E(f)

the following
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Theorem (3): Let f e A(D-B), where

B is the set of all singular points of f in

aregion D.
If zed(N(f))-d(B) for all zeB, then

f e FCH(D).

Proof: z e Bimplies that z ¢ d (B) .

So that there exists r>0 such that
(N@z,;n){z})NB=¢ , it follows that f has
isolated singular points at z .

Since f eA(N(z,r)-{z}), then any
z € B is an essential singular point for f
[8], it follows that f e FCHD).
Corollary: Let f e A(D-B), where B
is the set of all singular points of fin D
If N(f)=¢ and zed(P(f))-d(B) for
all ze B, then
1

n e FCF (D).
Proof: Suppose that zed(P(f))-d(B) for
all zeB, it follows from [7] that

2ed(N(%))—d(B) forall zeB.

Thus% € FCF (D) by Theorem (3).

Remark: The following theorems
discovers the relation between harmonic
functions and fundamental  complex
functions on the same region.

Theorem (4): Let w be an interior point
of a region D , and let U(x,y) be a real
valued function satisfies the following
conditions:

L UecHMD-{w}).

2. (z—w)"U ¢ B(N(w,r)—{w}) for all
positive real numbers r and natural
numbers m .

3. The conjugate period of U with respect
to the curve oN(w,r) is zero.

Then there exists f e FCHD) such that
U =Re(f) on D—-{w}.

Proof: Since the conjugate period of U
with respect to the curve oN (w, r) is zero,
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then there is a harmonic conjugate
V(X,y) for U(x,y) on D-{w} [9],
thatis, f=U+iV e A(D-{w}).

Since (z—w)"U ¢ B(N(w,r) —{w})for  all
positive  real numbers r and natural
numbers m, it follows that neither w a
pole nor removable singular point for f ,

it follows that f e FCH(D).

In the above theorem we have a single
singular point of f . It can be generalized

to a finite number of singular points as in
the following Corollary:
Corollary: Let U(x,y) be a real valued

function on a region D-B , where B
is anon-empty finite subset of Int(D).
Suppose that U satisfies the following
conditions:

1. UeH(D-B).

2. For any weB There exist r,>0
(z=w)"U ¢ B(N(w,r)—{w})
r<r,,and natural numbers m.

3. The conjugate periods of U with
respect to all curves oN(w,r) ; weB are

zero.
Then there exists f € FCF (D) such that

U=Re(f)onD-B.

for all

Proof: It can be proved by using
Theorem (4).
Remark: The following Theorem

explain that the reciprocal of the function
of exponential type o is not fundamental
complex function.

This kind of function was defined in [10]
as follows:

An entire function f:C—>C is of
exponential type o ,that is, for every
e>0 there is a constant k=Kk(g f)>0

such that:
|f(2)] < ke
Theorem(5): If f isa function

exponential type o, then

of

1 ¢ FCF(C).

Proof: fis a function of exponential
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type o, then , it follows that for every
& >0 there is a constant k =k(g, f)>0

such that |f(z)|<ke“ ™ | it follows

1 1 )

—(e+0)|2|

that; |——|>=e

f(2)| k

Suppose that 1 e FCH(C).

1

?eFCF(C) implies that there exists

We E(%), it follows from [7] that there

is a sequence {z,} such that {z .}

converges to the number w and

{f( }converges to the  number
Zn
1 ~(e+o)|w]

(k+1)°

Which contradicts (1).

Therefore 1 ¢ FCF(C)

Theorem(6):

Let feAD-{w})-B(D{w}) , where

we Int((D) Nd(N(f)).

If f is not conformal mapping on

N(w,r)—{w} for all r>0 , then
f e FCHD).
Proof: Since f is not conformal

mapping onN(w,r)—{w} for all r>0,
then f has no pole at w (See Theorem
3.8 in[2]).

Since f ¢B(D), then f has no
removable singular point at w , and then
f e FCHD).

Theorem (7): If feFCHD) and
f=goh such that g is a rational

function, then h¢ M (D).
Proof: Suppose that he M (D).
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Since g is a rational function , then
f eM(D) [11].

This is contradiction that f e FCHD).
Hence h¢ M (D).

Theorem (8): If heM(C”) , f=goh
andE(g)=¢ on C”,then f e M(C™),
where C” is the extended complex
plane.

Proof: Since E(g)=¢ on C”, then g
has no essential singular points inC*, it
follows [7] that g is a rational function.
Thus f eM(C™) [12].

Theorem (9): If f e M(D)- A(D) , then
e’ € FCF (D).

Proof: Suppose that feM(D)—A(D), it
follows that f has only polesin D.
Since e? #0forall zeC , then e " has
no zeros in D, it follows from [1] that

ef

é has no polesin D.
e

It is easy to show that e’ has no

removable singular points in D.
Hence e’ € FCF(D).
Theorem(10): If f eFCHD),
P(go f)=¢ forany function g.
Proof: Suppose that weE(f) on a
regionD. There is a sequence {z,} in D

such that {z,} converges to w and

then

{f(z,)}converges to c for any
ceC\{w}.Since g is continuous in
N(w,r)—{w},for some r , then

{g(f(z,))}converges to g(c), it follows

thatgo f has no pole at w, and then
P(g o f) =¢.

Theorem (11): If we E(g) on D, then
gof has no removable

singular point at w in a region D.

Proof: Suppose that gof has a

removable singular point at w, then:
Lim(go f)(z)=c;ceC Q)

Since we E(g) , then for any k =c there

is a sequence {z,} in D such that {z }

converges to w and {g(z,)}converges to k
(See[7]).
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This is contradiction with (1).

. go f has no removable singular point
at w.

From now we study some groups of
essential singular points on a region D
with composition operation.

In [4] the set T(X,a) was defined as the
set of all conformal mapping
f:(X,a) > (X,a) such that f(a)=a,
especially for X =Cand a=o0 , the set
I'(C,) consists of elements of the form:

a,
z

..... with

a
f(z)=az+a,+—=+
z

ar=0.
If we substitute z—w instead of z , we
get:
a—l a—2
f(9)=a(z V\b+a°+z—w+(z—V\b2 .. (1)

If we denote the set of all functions of
the form (1) by I,(C,), then it forms
a group with composition operation,
which is a subset of FCF(N(w,r)) (See
[11]).

Theorem(12): There exist a proper subset
G of FCF(D)suchthat (GU{l}po) is
a non trivial subgroup of (T, (C,).).
Proof: Let G be the set of functions in
I, (C,) of the form:

+.

..... such

a, a
f(z)=az+a,+—+—2+
7z

that the sequence {a ,} has infinite
numbers of non-zero terms.

Since all members of G has infinite
numbers of negative powers , then
G c FCF(D).

It is clear that G isa non trivial proper
subset of FCF (D) .

Suppose that f,g e GU{l,}.



(JZS) Journal of Zankoy Sulaimani, 2009, 12(1) Part A

A b (1)12 S0 2009 , haddes 555 5yl

If either
fogeGU{l,}

Suppose that both f =1, and g = 1.
From Theorem(10) and Theorem(11) we
obtain that the function f o g has neither
pole nor removable singular point at w ,
therefore G is closed under composition
operation. Suppose that f € G, it follows

f=I1, or g=1, , then

that f eI, (C,0), which implies that
there exists geTl,(C,0) such that
gof = f og: ID'

If g ¢ G , then there are two cases for g :
1. g has a pole at w:

Since weE(f), then there is a
sequence{z,} of complex numbers such
that {z,}
{f(z,)}converges to w.

Since g has a pole at w , then
{o(f(z,))}is divergent , it follows
that{z,}={(g f)(z,)} is divergent.

Which contradicts that {z,} converges

to w.
2. g has a removable singular point at w:

converges to w, and

Since weE(f), then for every
c e C\{w} , there is a sequence {z,} of
complex numbers such that {z,}

converges to w, and {f(z,)} converges to
c , it follows that {z }={(@-f),)}
convergesto g(c).

Since the converges point is unique then
g(c)=w forall ceC\{w}.

Thus the factor a, =0 for g.

Which contradicts that g € T, (C o).

In either case we see that g has neither
pole nor removable singular point at w.

Hence g has an essential singular
point at w, it follows that {a ,} has

infinite numbers of non-zero terms , it
follows that g € G .

S(GU{LI Ye) is a
([, (C,0)0)
Theorem (13): Let D be a region.

There exist a subset G  of
FCF(D)U{l }such that each of the
following are true:

(1.) (G,.) isagroup.

(2) (G,) = (C+).

, where + and . are usual addition and
usual multiplication respectively.

Proof:

subgroup of

Suppose that G={g: g(z) =e**,c eC}.
It is clear from Theorem (9) that
Gc FCF(D)U{I,}.
It is easy to show that(G,.) forms a
group.
Now we define a function
by:
S(g) =Res(g).
Suppose that f,g € G.
The statement f =g implies that
Res(f,w)=Res(g,w), which implies
that S(f)=S(g).
Thus S is Well-defined.

It is easy to show that S is onto.
Suppose that f,geG such that

Res(f,w)=c and Res(g,w)=Kk.
S(f)=S(9) implies
Res(f,w)=Res(g,w).

Thenwe get c=Kk.

So that c __k
Z—W Z—W

S:G-C

that

,which yields

c k
er v =gt v,

Hence f =g.

Therefore S is one to one.

Suppose that f,g € G, then there exist
c,k eC such that Res(f,w)=c and
Res(g,w) =K.

c k
S(f.g) = Res(ez".e>v,w)
c+k

= Res(e*",w)
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=c+k Proof: Since (C,+) possesses an infinite
= Res(f,w)+Res(g,w) number of subgroups , then (G,.) also
=S(f)+S(9) possesses an infinite number of subgroups

Thus S is a homomorphism. by Theorem(14).
Hence (G,.) = (C,+) Dby the definition Finally There is an infinite number of
of homomorphism in [9]. subsets G of FCF(D)U{l,} such that

Corollary: Let D be aregion. Thereisan  (G,.) forms a group.
infinite  number of subsets G of

FCF(D)U{l,} such that (G,.) forms a
group.
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